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1 Introduction and summary
Two decades ago Intriligator and Seiberg [1] discovered three dimensional mirror symmetry:
a quantum duality acting on theories with 8 supercharges. One salient feature of this duality
is the exchange of monopole operators with standard mesonic operators, or of Coulomb
branches with Higgs branches. Soon after, 3d mirror symmetry was interpreted as Type
IIB S-duality acting on 1=4 BPS brane setups composed of D3, D5 and NS5 branes [2].
These Hanany-Witten setups can be easily generalized to eld theories living in a dierent
number of dimensions.
Extending the analysis to models with only 4 supercharges is clearly desirable, but
making progress proved quite dicult. 3d N = 2 mirror symmetry is understood in the
Abelian case [3, 4]. Two important results using brane setups are the brane interpretation
of Seiberg dualities and the construction of chiral eld theories [5, 6] (with SU(Nf )SU(Nf )
chiral global symmetry) from Dp branes ending on D(p+ 2)-NS5 branes intersections. In
the 3d case we have D3 branes ending on pq-webs [5, 7], 1=4 BPS brane setups involving D50
and NS5 branes that give rise to ve dimensional SCFT's with minimal supersymmetry.
Our aim is to tackle some problems that to the best of our knowledge are still open.
We focus on the set-up consisting of a single D3 brane ending on both sides of a pq-
web composed of 1 NS5 brane and K D50 branes, the (1NS5;KD50) web, and on the
S-dual (KNS50 ; 1D5) web. We also terminate the D3 branes on two spectator NS5
0=D50
{ 1 {
J
H
E
P
0
8
(
2
0
1
6
)
1
3
6
branes. The low energy theory corresponding to the (1NS5;KD50) set-up is known, it is the
U(1)U(1) quiver with K avors for each node [5, 6] depicted in the rst row of gure 2,
with the so-called avor doubling : the D50 branes are broken into two pieces and each half
provides an SU(K) mesonic symmetry. The two sets of avors talk to each other through
a cubic superpotential that preserves an SU(K) SU(K) chiral global symmetry.
The low description of the S-dual set-up was not known and we derive it by using
partial Abelian mirror symmetry a la Kapustin-Strassler [8], we nd that it is the quiver
theory composed of two U(1)K 1 tails sketched in the third line of gure 2. Each tails sup-
ports an U(1)K 1top topological symmetry and a U(1)
K 1
axial axial symmetry which enhances to
SU(K)top  SU(K)axial. The two tails talk to each other through a superpotential which
is a sum of monopole operators involving gauge groups on both tails. This superpotential
has the non-trivial eect of breaking the total enhanced global symmetry to the diago-
nal SU(K)top  SU(K)axial. We then see that the mirror theory shows gauge doubling :
the NS5 branes are broken into two pieces and each half provides a SU(K) topologi-
cal/axial symmetry.
Our main tools to complement our analysis via partial mirror symmetry are the study
of three-sphere partition functions and the analysis of the chiral rings.
The method of localisation applied to SUSY theories dened on compact spaces, pio-
neered by Pestun in the case of 4d N = 2 theories on S4 [9] and then widely generalized,
allows us to obtain exact results for partition functions and other observables. Path inte-
grals reduce to ordinary matrix integrals which are explicit functions of global symmetry
fugacities. Testing dualities amounts to show the equivalence of the matrix integrals under
an appropriate map of the fugacities.
To study the chiral rings of mirror theories we rely on the recent progress in under-
standing of monopole operators in 3d N = 4 and N = 2 gauge theories [10{18]. Having a
good control on the monopole operators is crucial in our case since these operators appear
in the superpotentials of our theories.
Polyakov showed long time ago that monopole operators enter the eective potential
in eld theories arising at low energies from spontaneous symmetry breaking [19, 20]. It
is also known that compactifying 4d supersymmetric eld theories on a circle introduces
monopole operators in the low energy 3d superpotential [21, 22].
Actually since the general paradigm is that mirror symmetry acts on the chiral rings
by mapping mesonic operators into monopole operators, whenever we have generic mesonic
operators in the superpotential we should expect monopoles in the superpotential of the
dual theory. In the following we will see several examples of this fact.1
In section 2 we review the Abelian mirror between U(1) with Nf avors and the linear
quiver U(1)Nf 1. We detail a proof of the duality, using partial mirror symmetry, and
present a complete map between the two quantum chiral rings.
In section 3 we discuss in detail the pq-web (1NS5; 1D50), which under S-duality is
mapped to itself. We nd a proof that the gauge theory associated to the brane setup
1See also [23] for an example of monopole operators in the superpotential.
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1NS50 1D3  (1NS5; 1D50) 1D3 1NS50 is dual of the Wess-Zumino XY Z+X 0Y 0Z 0 model
associated to the S-dual setup 1D50   1D3   (1NS50 ; 1D5)  1D3   1D50 .
Figure 1. The gauge theory triality. Circles
stand for U(1) gauge groups, squares stand for
global U(1) symmetries. In the central quiver
part of the superpotential is the sum of the two
basic monopole operators for the U(1) node.
Along the way we discover a triality with
a third theory: a U(1) gauge theory with 3
avors and a superpotential containing the
two basic monopole operators W = M+ +
M . The duality, when projected down to
the equality of the corresponding S3b parti-
tion functions, becomes an integral identity
which appeared in the mathematical literature
as the new pentagon or ultimate integral iden-
tity. Here we provide a brane realization and
a eld theory interpretation of that identity
and prove the duality at the level of the full
gauge theory. A similar relation for U(1) with
4 avors and monopole operators in the superpotential has been discussed in [24] and plays
an important role in the 3d-3d correspondence.
In section 4 we generalize to the case of D3 branes ending on the (1NS5;KD50) $
(KNS50 ; 1D5) pq-webs. We also show that the duality discussed above between U(1) with
3 avors and the XY Z +X 0Y 0Z 0 model can be used to provide two dierent presentation
of the theories (two on each side of the duality).
Notice that the symmetry enhancement pattern U(1)k 1 U(1)k 1 ! SU(k) SU(k)
of the theory in the last line of gure 2 is quite peculiar: on each side one node has 3 avors,
while the other k   2 nodes have 2 avors. Nevertheless the monopoles involving the 3-
avors-node combine with the other monopoles to form a bifundamental representation of
SU(k)  SU(k). This shows that the topological symmetry enhancement in this N = 2
case follows rules that are dierent from the N = 4 case, where only sub quivers with
balanced U(N) nodes (number of avors equal to twice the number of colors) are expected
to have an enhanced topological symmetry. It would be interesting to investigate these
issues further.
In section 5 we study relevant deformations of the dualities. Real mass deformations
lead, on the mirror side, to chiral theories with Chern-Simons interactions, both for the
same gauge groups (CS couplings) and for dierent gauge groups (BF couplings).
In section 6 we show how similar techniques can be applied to longer quivers. We
consider a circular quiver with avors at each node that is self-mirror.
2 Preliminaries: Abelian mirror symmetry, S3 partition functions and
quantum chiral rings
In this section we review some basic examples of Abelian mirror symmetry for 3d N = 2 the-
ories [1, 3, 4] focusing on the partial mirror symmetry approach a la Kapustin-Strassler [8].
We complement this derivation with the study of the mapping of the quantum chiral rings
of mirror theories.
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Figure 2. Duality patterns for gauge theories associated to S-dual brane setups. The quivers in
the rst line are related by the application of the duality TB $ TC of gure 1 and describe the
(1NS5;KD50)-web. The quivers in the third and forth lines contain many monopole terms in the
superpotential, are related by the application of the duality TB $ TC and describe D3 branes
ending on the S-dual (KNS50 ; 1D5)-web.
We begin with the N = 4 case. The most basic example is the duality between the
SQED with one hyper and the theory of a free (twisted) hyper. In [11] an exact proof of
this duality was given by showing that the monopole operators M of the SQED are free
elds with scaling dimension  = 1=2, hence equivalent to a free hyper.
In [8] it was shown that all the Abelian mirror duals can be derived from this basic
Abelian duality. The key idea is to regard partition functions as functionals of background
vector multiplets V^ associated to the global symmetries of the theory and to prove that the
basic Abelian mirror duality is in fact an invariance under Functional Fourier Transform.
The partition function of the N = 4 SQED with one avor, regarded as a function
of the the background vector multiplet V^ associated to the topological symmetry (in a
suitable gauge xing), is given by
ZSQED[V^ ] =
Z
DV DQ e
iSV (V )
g2
+iSBF (V;V^ )+iSH(V;Q) :
We refer the reader to [8] for the denition of the kinetic terms for the vector and hypermul-
tiplet SV (V ), SH(V;Q) and record here the contribution of the BF coupling to the action
involving the vector and the adjoint scalar multiplets V ,  and the background linear and
scalar multiplets ^, ^:
SBF (V; V^ ) =
Z
d3xd2d2  V^  
Z
d3xd2 i^ + cc

: (2.1)
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The partition function of the free hypermultiplet as a functional of the background vector
multiplet V^ associated to the U(1) global symmetry is
ZH [V^ ] =
Z
DQ eiSH(V^ ;Q) :
The integral over the hypermultiplet is quadratic and can be evaluated to a superdetermi-
nant. In the IR the statement of abelian N = 4 mirror symmetry becomes:
ZSQED[V^ ] =
Z
DV eiSBF (V;V^ )
Z
DQ eiSH(V;Q) =
Z
DV eiSBF (V;V^ )ZH [V ] = ZH [V^ ] ;
since the BF coupling action is quadratic it can be regarded as the Functional Fourier
Transform kernel and one can interpret the last equality as the statement that the free hyper
is invariant under Functional Fourier Transform. Remarkably thanks to this observation,
by using Functional Fourier Transform and the convolution theorem one can piecewise-
generate all the N = 4 mirror pairs.
More recently thanks to localisation this approach has been revamped in a simpler
although less general fashion. Partition functions of N = 4 theories on S3 can be com-
puted via localisation [25] which reduces them to matrix integrals, functions of real masses
associated to the background vector multiplets of the form V^  m. The 1-loop exact
contribution of an hyper to the S3 partition function is:
ZH() =
1
cosh()
;
and the the basic abelian N = 4 mirror symmetry duality is expressed by the integral iden-
tity
ZSQED() =
Z
d e 2i
1
cosh()
=
1
cosh()
= ZH() :
The functional integration becomes an ordinary integration over the locus xed by the
localising equation, that is an integration over the zero modes of the adjoint scalar 
taking value in the Cartan generators of the gauge group. The BF coupling becomes the
ordinary Fourier transform kernel and the basic abelian mirror symmetry reduces to an
ordinary rather than a functional Fourier transform. Using this trick one can prove all the
N = 4 mirror dualities.
In the N = 2 case the basic Abelian mirror pair is formed by the U(1) theory with
one avor with W = 0 and the XY Z model:
U(1)q;~q;W = 0$ fx; y; zg;W = xyz : (2.2)
The chiral ring on the U(1) side is generated by the meson operator M and by the two
monopole operators with topological charge 1 that we denote M1 or simply M. This
duality can also be formulated in a form equivalent to the N = 4 case as
U(1)q;~q;W = q~q$ fp; ~pg;W = 0: (2.3)
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In [26] it was observed that this duality is the composition of two operations: an S-
action which gauges a global symmetry and introduces a new topological symmetry and
the introduction of a superpotential coupling.
This latter operation has been later named Flip. If a theory has a chiral operator O
with a coupling W = O to a background chiral , the Flip operation adds a coupling to a
new background chiral eld 0: W = O !W = O+0 and makes  a dynamical eld.
It is also possible to localise N = 2 theories with non trivial R-charges on the squashed
three-sphere S3b [27, 28]. The contribution to the partition function of a chiral multiplet
with a real mass m0 for a U(1) symmetry and R-charge r is
sb(
iQ
2
(1  r) m0) with sb(x) =
Y
m;n0
mb+ nb 1 + Q2   ix
mb+ nb 1 + Q2 + ix
; Q = b+ 1=b ; (2.4)
where b is the squashing parameter. For convenience we also introduce the function:
Fm (x)  sb

x+
m
2
+ i
Q
4

sb

 x+ m
2
+ i
Q
4

(2.5)
that is the contribution of an hyper with axial mass m (using holomorphy [28] we absorbed
r in a redenition of the mass).
The fundamental abelian mirror symmetry duality (2.2) at the level of the partition
function becomes: Z
dse 2ispFm(s) = sb(m)F m(p) : (2.6)
Notice that on the r.h.s. the three chirals are consistent with the cubic superpotential con-
straint, indeed the arguments of the three double sine functions sum up to iQ2 corresponding
to R-charge 2.
The identity (2.6) is known as pentagon identity and plays a key role in the so called
3d-3d correspondence [26, 29]. This correspondence relates 3d N = 2 theories, obtained
from the compactication of M5 branes on hyperbolic 3-manifolds M , to Chern-Simons
theories at complex coupling on M . The invariance of Chern-Simons partition functions
under changes of triangulations corresponds to 3d mirror symmetry and in particular the
pentagon identity represents the the basic 2{3 move.
By a real mass deformation corresponding to integrating out one chiral, we can derive
the mirror duality between the U(1) theory with a charge plus chiral and k = +12 CS
coupling and a free chiral with k =  12 CS coupling. In this case one of the two basic
monopole operators acquires a non zero gauge charge while the gauge invariant monopole
is mapped to the free chiral. At the level of partition function this duality is encoded in
the identity Z
dw e
 i
2
w2e2iw(
iQ
4
 p)sb

iQ
2
  w

= e
i
2 (
iQ
2
 p)2sb

iQ
2
  p

: (2.7)
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Figure 3. The SQED and its quiver dual. On the quiver side in the superpotential W = Pi qi~qii
each singlet couples to, or ips, the mesonic operator quadratic in the bifundamental eld on its
left. We represent each ip by slashing the corresponding pair of bifundamental elds. Empty
circles (squares) indicate a gauge (avor) U(1) symmetry.
An example of mirror duality via partial mirror dualisations
We will now review how to derive the mirror dual of the U(1) theory with K avors pi; ~pi,
i = 1; : : : ;K and W = 0, by repeated use of the fundamental Abelian duality via the
Kapustin-Strassler piecewise approach [8].
We dualize each avor pi; ~pi, using identity (2.3) from right to left, into a U(1)qi;~qi ;W =
qi~qii theory. We end up with a U(1)
K+1 gauge theory with 2K charged chiral elds qi; ~qi,
K gauge-singlets i and a superpotential W =
P
i qi~qii. There are also K BF couplings
(Chern-Simons interactions involving dierent U(1) gauge factors) connecting the original
U(1) factor with the K new gauge factors.
At this point the original U(1) gauge group has no avors and we can perform the
functional integral over it obtaining a functional delta function. Implementing the delta
reduces the number of gauge groups to K   1 and the mirror duality can be presented as
the quiver depicted in gure 3.
U(1)pi;~pi ;W = 0$ [1]  (1)  (1)  : : :  (1)  [1];W =
X
i
qi~qii (2.8)
Check of the duality at the level of partition function
We will now retrace the previous piecewise dualisation at the level of the S3b partition
function. For the SQED we turn on real masses in the Cartan generators of the global
symmetry group SU(K)ma  SU(K)a U(1) U(1)top; where
KX
a=1
ma = 0 ;
KX
a=1
a =  : (2.9)
The abelian symmetry U(1) can mix with the R-charge. The partition function reads:
ZSQED =
Z
dz e2iz
KY
a=1
F a(z +ma) : (2.10)
We now dualize the K hypers by using the fundamental duality (2.6) and we integrate
over the original U(1) gauge group which has no avors and yields a delta function. After
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changing variables
w1 = x1 ; w2 = x1 + x2 ; : : : ; wK 1 =
K 1X
a
xa ; (2.11)
we nd:
=
KY
a=1
sb( a)
Z K 1Y
a=1
dwa e
2iw1(m2 m1)e2iw2(m3 m2)    e2iwK 1(mK mK 1)e 2imK
F1(w1)F2(w2   w1)   FK 1(wK 1   wK 2)FK (   wK 1) =

KY
a=1
sb( a)
Z K 1Y
a=1
dwa TK(~w; ~m; ~; ) = Zquiver : (2.12)
In this expression the K factors sb( a) are the contributions of the K chirals singlets
ipping the bifundamental mesons. We also see that the real masses are compatible with
the superpotential W = PKa aqa~qa coupling.
We remark that the check of the duality at the level of partition functions is for a
specic choice of background hence less general than the Functional Fourier Transform
derivation. However the partition function approach is very convenient since it allows us
to keep track of all global symmetries across dualities. For example we see that the real
masses in the Cartan generators of the avor SU(K)ma are mapped into FI parameters
on the mirror quiver side, from which we conclude that the topological symmetry on the
quiver theory will enhance.
Mapping of the chiral rings
We conclude the discussion of this example by describing the map of the chiral ring gen-
erators. We begin by recording the formula that computes the global and R-charges of
BPS monopole operators (the scaling dimension of the monopole operators coincides with
their R-charge). The charge of the monopole operators under a global symmetry can be
computed by summing over the charges of all the fermions in representations Ri charged
under the gauge symmetries [10{14]:
Q[Mm] =  1
2
X
 i
X
i2Ri
Q[ i]ji(m)j ; (2.13)
where i is the weight of the i-th representation. Let us write this formula more explicitly
in the special cases of interest for this paper. In a quiver U(1)k with bifundamentals Bij
going from node i to node j and at the i-the node Fi chiral avors qi;m with gauge charges
1, the formula above becomes
Q[M(n1;n2;:::;nk)] =  1
2
X
Bij
Q[Bij ]jni   nj j   1
2
kX
i=1
FiX
m=1
Q[qi;m]jnij ; (2.14)
where M(n1;n2;:::;nk) is a monopole operator with topological charges n1; n2; : : : ; nk.
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In the theory U(1) with Nf avors, the chiral ring is generated by the N
2
f mesons
Qi ~Qj (with  = 2r, where r is the R-charge and the scaling dimension  of the Nf avors
chiral elds) and by the two magnetic monopoles with topological charges 1, M. From
eq. (2.14) we compute (M) =  12(Nf +Nf )(r   1) = Nf (1  r).
In the dual theory [1]   (1)   (1)   : : :   (1)   [1] the chiral ring contains Nf gauge-
singlets i with  = 2r, and many monopoles operators. We denote the chiral monopoles
operatorsM
(j1; ;jNf 1), where the Nf  1 integers are the charges of topological symmetry
of the ith node. There are Nf (Nf   1) special, basic, monopole operators, which generate
all the others monopole operators in the chiral ring, they have the lowest possible scaling
dimension:  = 2r. These are the monopole operators with topological charge given by
strings of contiguous +1 or  1. For example, in the 4 avors case, they can be organized
in a matrix 0BBB@
M(1;0;0) M(1;1;0) M(1;1;1)
M( 1;0;0) M(0;1;0) M(0;1;1)
M( 1; 1;0) M(0; 1;0) M(0;0;1)
M( 1; 1; 1) M(0; 1; 1) M(0;0; 1)
1CCCA (2.15)
These Nf (Nf   1) operators combine with the Nf ipping singlets i to provide the bi-
fundamental representation of the SU(Nf ) SU(Nf ) enhanced symmetry and are mapped
to the N2f mesons. The two remaining generators of the chiral ring are the two long oper-
ators q1    qNf , ~q1    ~qNf with  = Nf (1  r) (recall that the bifundamental elds qi have
 = 1 r) which are mapped to the two monopolesM: The generators of the chiral rings
perfectly match. For example in the Nf = 4 case we have at level  = 2r we have:0BBB@
p1 ~p1 p1 ~p2 p1 ~p3 p1 ~p4
p2 ~p1 p2 ~p2 p2 ~p3 p2 ~p4
p3 ~p1 p3 ~p2 p3 ~p3 p3 ~p4
p4 ~p1 p4 ~p2 p4 ~p3 p4 ~p4
1CCCA$
0BBB@
1 M
(1;0;0) M(1;1;0) M(1;1;1)
M( 1;0;0) 2 M(0;1;0) M(0;1;1)
M( 1; 1;0) M(0; 1;0) 3 M(0;0;1)
M( 1; 1; 1) M(0; 1; 1) M(0;0; 1) 4
1CCCA (2.16)
then we have at level Nf (1  r)
M+ $
NfY
i=1
qi ; M
  $
NfY
i=1
~qi :
These generators satisfy relations of three types:
 The Nf  Nf meson matrix pi~pj has rank 1, so every 2  2 minor of this matrix is
vanishing. These relations are simple on the U(1) side, but are non trivial quantum
relations on the mirror side. For example in the Nf = 4 case we have:
12 = M
(1;0;0)M( 1;0;0)
1M
(0; 1;0) = M(1;0;0)M( 1; 1;0) : (2.17)
 M+M  = 0 in the U(1) theory on the mirror side becomes: QNfi=1 qiQNfi=1 ~qi = 0 and
follows from the F -terms qi~qi = 0.
 The relation Mpi~pj = 0 is simple to see on the mirror side. For example if i = j it
becomes
QNf
i=1 qi  i = 0 because of the F -terms qii = 0.
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0 1 2 3 4 5 6 7 8 9
D3 x x x x
D5 x x x x x x
NS5 x x x x x x
D5' x x x x x x
NS5' x x x x x x
Table 1. The brane setup.
3 D3 branes ending on the (1NS5; 1D50) pq-web: a triality
In this section we study the low energy gauge theory description of the theory living on two
D3 branes ending a (1NS5; 1D50) pq-web, one on each side. In general by (HNS5;KD50)-webs
we mean KD50 and HNS5 intersecting at a point. Sometimes it is convenient to represent
the (HNS5;KD50)-web by its toric diagram a rectangle with base K and height H [7].
Let us briey review the brane setups. The various branes extend in the directions
labelled by x in table 1.
The brane setup enjoys a U(1) 
 U(1) global symmetry that rotates the 45 and 89
planes. One combination of these symmetries becomes the U(1)R global symmetry of the
3d N = 2 gauge theory, while the other combination becomes another global symmetry
that we call U(1)t. We then have the global symmetries inherited from the pq-web; the
(HNS5;KD50)-web is associated to a 5d SU(K)
H 1 linear quiver2 with global symmetry
SU(K)2 
 SU(H)2 U(1).
We choose to terminate the two D3 branes on two NS5', so the brane set up we are
interested in is
1NS50   1D3   (1NS5; 1D50)  1D3   1NS50 (3.1)
The global symmetry of the gauge theory must be
U(1)4 = U(1)NS50 
U(1)(1NS5;1D50 ) 
U(1)NS50 
U(1)t (3.2)
The 3d gauge theory description of this brane setup, which we call TA and show in
gure 4, is a U(1)2 quiver theory with 6 chiral elds (A; ~A;Q; ~Q;P; ~P ) and two cubic
superpotential terms [6]:
WTA = APQ+ ~A ~P ~Q : (3.3)
There are 6 elds, so 6 possible U(1)'s, but 2 combinations are gauged and 2 combi-
nations are broken by the 2 superpotential terms, then we have 2 topological symmetries
associated to the 2 gauge groups, in total we have U(1)4 global symmetry.
2To be more precise, the theory is the strongly interacting CFT5 that can be relevantly deformed to the
SU(K)H 1 quiver. Also, using type IIB S-duality, we can deform the CFT5 to the SU(H)K 1 quiver.
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Figure 4. The 1NS50   1D3   (1NS5; 1D50)   1D3   1NS50 set-up and its low energy quiver gauge
theory description. The bifundamental elds A; ~A come from D3   D3 strings, the fundamentals
Q; ~Q and P; ~P come respectively from D3 D50 strings and from D50  D3 strings.
The R-charges of the 6 chiral elds is exactly 2=3.3 Using eq. (2.13) we can compute
the scaling dimension of the supersymmetric chiral monopole operators
[Ma;bTA ] = (jaj+ ja  bj+ jbj)=3 : (3.4)
The Type-IIB S-dual brane setup is
1D50   1D3   (1D5; 1NS50)  1D3   1D50 (3.5)
and the 3d description of this brane setup, which we call TC depicted in gure 5, is basically
TA without the gauge elds: it's given by 6 chiral elds, which we denote as (a; ~a; q; ~q; p; ~p),
entering in two cubic superpotential terms
WTC = apq + ~a~p~q : (3.6)
Also here the global symmetry is clearly U(1)4, and the scaling dimensions of the 6 elds
is  = 2=3.
Our rst goal is to show that TA and TC are dual.4 Along the way we will uncover
an additional duality with a theory TB, a U(1) gauge theory with 3 avors and monopole
operators in the superpotential, so we will prove the triality shown in gure 6.
3We can see this fact as follows. An alternative presentation of this U(1)2 gauge theory is given by
3 copies of U(1) with 1 avor, supplemented by a functional Dirac delta function that sets to zero the
sum of the 3 gauge elds. In this presentation we can recognize a Z3 global symmetry (notice that the
superpotential respects this Z3), so we can infer that the R-charges of the 6 elds are all equal. Because of
the cubic superpotential, their R-charge is exactly 2=3.
4The SQED and its mirror quiver described in the previous section are associated respectively to a
D3 brane stretching between an NS50 brane and an (1NS5;KD50)-web and to its S-dual. There are some
subtleties associated to these brane setups: they can also correspond to the same gauge theories with
additional chiral singlets entering the superpotential by ipping some or all the mesons (or their mirror
image). For instance let us take K = 1, the system NS50 D3 D50 D3 NS5 corresponds to U(1) with
1 avor. The system NS50  D3  NS5  D3  D50 corresponds to U(1) with 1 avor q; ~q, plus a singlet
 and W = q~q. These subtleties are not present in the doubled systems which we discuss in this and in
the next sections.
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Figure 5. The S-dual brane set-ups and the associated 3d mirror theories. In TC the bifundamental
eld a; ~a come from D3 D3 strings, the fundamental q; ~q and p; ~p come respectively from D3 D5
and D5 D3 strings.
Figure 6. The gauge theory triality.
3.1 TA = TB = TC : a gauge theory triality
TA = TC
In the quiver TA each U(1) node has 2 avors, so we start with the mirror symmetry for
U(1) with 2 avors reviewed in the previous section and sketched in the rst line of gure 7:
T : U(1)pi;~pi ;W = 0$ T 0 : U(1)qi;~qi ;W = 1q1~q1 + 2q2~q2 ; (3.7)
with the following mapping of the chiral ring generators:
(p1 ~p1; p2 ~p2; p1 ~p2; p2 ~p1;M
+;M )$ (1;2;M+;M ; q1~q2; q2~q1) : (3.8)
The theory T 0 becomes our theory TA if we gauge the symmetry Q acting on the elds
(q1; ~q1; q2; ~q2;1;2) with charges (+1; 0; 0; 1; 1;+1) as shown in gure 7. This implies
that the chiral ring generators (1;2;M
+;M ; q1~q2; q2~q1) have charges ( 1;+1; 0; 0; 0; 0)
underQ. Using the chiral ring mapping (3.8), we see that the symmetryQ acts with charges
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Figure 7. Starting from the mirror pair T = T 0 and gauging the symmetry Q yields the TA = TC
duality.
( 1;+1; 0; 0; 0; 0), on the elds (p1 ~p1; p2 ~p2; p1 ~p2; p2 ~p1;M+;M ) of the mirror theory T , and
in particular Q acts on (p1; p2; ~p1; ~p2) with charges (0; 1; 1; 0).5
TA is thus dual to a U(1)2 GLSM with 4 chiral elds (p1; p2; ~p1; ~p2) and gauge charges
vectors v1 = (1; 1; 1; 1), v2 = (0; 1; 1; 0). If we change basis to w1 = v1   v2, w2 = v2
we can easily see that this GLSM is actually the product of two copies of U(1) with 1 avor
andW = 0. Using that basic mirror symmetry we conclude that TA is mirror of two copies
of the XY Z model, that is TC .
In appendix A we present a dierent proof, where the theory remains a quiver at every
duality step.
TA = TB
Let us start from the known mirror symmetry for U(1) with 3 avors and ip the 3 diagonal
mesons. We get a duality between theory T , a U(1)=3;W = Pi ipi~pi and theory T 0 a
[1]   (1)   (1)   [1] linear quiver with W = 0, sketched in the rst line of gure 8. The
theory T 0 is our TA except for the two cubic superpotential terms, which are precisely the
dual of the two monopole operators in T . So we add the two terms linear in the monopoles
to U(1)=3, and call the resulting theory TB as shown in gure 8.
We conclude that TB, i.e. U(1) with 3 avors pi; ~pi and
W =
X
i
ipi~pi +M
+ +M  ; (3.9)
is dual to TA, the linear quiver U(1)2 with
WTA = APQ+ ~A ~P ~Q : (3.10)
This proves the gauge theory triality in gure 6.
5We could have chosen the charges (x; x + 1; 1  x; x; 0; 0) = (0; 1; 1; 0) + x(1; 1; 1; 1). The part
proportional to x is actually the gauge charge, so it's only a change of basis.
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Figure 8. Starting from the mirror pair T = T 0 and adding a cubic superpotential in T 0 and its
dual monopole superpotential in T yields the TA = TB duality.
In TB it is easy to compute the R charges: by the S3 symmetry permuting the 3 avors,
it is clear that all the 3 avors have the same R charge r. Setting the R-charges of the
monopoles to be 2 we get the R-charges of the fundamental elds
R(M) = 3(1  r) = 2! r = 1=3 (3.11)
In section 3.3 we will discuss the chiral rings of TA, TB, TC and their mapping.
The theory U(1)=3;W =M+ +M 
It is interesting to undo the 3 meson ips in TB and consider the SU(3) SU(3) invariant
theory U(1)=3;W =M++M . One nice dual phase, with evident SU(3)SU(3) symmetry,
of this theory is obtained ipping the corresponding elds in TC . We obtain a theory of 9
chiral elds, in order to have SU(3)SU(3) symmetry, these 9 elds must transform in the
bifundamental representation, so we call them xij , the only cubic superpotential compatible
with the symmetry has 6 terms:
W = ijkxi~1x
j
~2
xk~3 : (3.12)
The elds xij have R-charge 2=3. The duality is
U(1)qi;~qi ;W =M+ +M  $ fxijg;W = ijkxi~1x
j
~2
xk~3 : (3.13)
The mapping of the chiral ring generators is simply
qi~qj $ xij : (3.14)
The F -terms relations on the right hand side are simply telling us that the 3  3 meson
matrix qi~qj has rank= 1, a fact that is automatic in the left hand side.
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If we now ip back the three diagonal mesons in U(1)=3 to get TB, on the right hand
side of (3.13) we are left with only 6 elds and two superpotential terms,
W = x21x32x13 + x31x12x23 ; (3.15)
so we recover TC . The mapping of the chiral ring at level  = 2=3 reads0B@ p1 ~p2 p1 ~p3p2 ~p1 p2 ~p3
p3 ~p1 p3 ~p2
1CA$
0B@ x12 x13x21 x23
x31 x
3
2
1CA : (3.16)
3.2 S3 partition function: the ZTA = ZTB = ZTC identity
In this section we will derive the triality at the level of the partition function.
The U(1); qi~qi, W =M+ +M  and its mirror, or the new pentagon
Our starting point is the Aharony duality [30] between theory T , a U(1); pi~pi theory with
Nf = 2 and W = 0 and theory T 0, a U(1); qi~qi theory with Nf = 2 and W = Sijqi~qj +
O+M+ + O
 M . In T 0 the 4 mesons are ipped by singlets Sij and the monopoles by
singlets O. We can prove this duality starting from the partition function of T :
ZT =
Z
dxe2ixFm1

x+

2

Fm2

x  
2

;
and applying 6 times the pentagon identity (2.6) to get:
ZT = e
i(m2 m1)
2 sb(m1)sb(m2)sb

(m2 +m1)
2
 

sb

 (m2 +m1)
2
 


Z
dw e2iw F  (m2+m1)
2
+
(w)F  (m2+m1)
2
 

w +
(m2 +m1)
2

= ZT 0 : (3.17)
Notice the six singlets ipping the mesons and the monopoles operators. Now we act
on both sides with the S element, which gauges the U(1) symmetry and introduces a new
FI parameter : Z
de2iZT =
Z
de2iZT 0 ; (3.18)
by rearranging we nd:
ZTB = sb

(m2+m1)
2
 

sb

  (m1+m2)  iQ
2

Z
dw F
(m1+m2)+
iQ
2
(w+)F  (m2+m1)
2
+

w  (m2 m1)
4

F  (m2+m1)
2
 

w+
(m2 m1)
4

= sb ( m1) sb ( m2)Fm1

2
 

Fm2

2
+

= ZTC : (3.19)
We have identied the l.h.s. and r.h.s. of this identity with the partition functions of
theories TB and TC . Indeed ZTB has no real mass for the topological symmetry and the
masses for the avor symmetry satisfy a constraint. This is compatible with the breaking of
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U(1)topU(1)axial by the a superpotential linear in the monopole operatorsW =M++M .
The three ipping singlets are also visible. In ZTC we have 6 chirals with real masses
compatible with two cubic superpotentials.
If we now introduce the following parameterization
a1; b1 =  iQ=4 + 
2
  (m1 +m2)
4
 (m2  m1)
4
a2; b2 =  iQ=4  
2
  (m1 +m2)
4
 (m2  m1)
4
a3; b3 =
(m1 +m2)
2
  ; (3.20)
we can rewrite eq. (3.19) as the following identity
Z
ds
3Y
i=1
sb

iQ
2
+ ai + s

sb

iQ
2
+ bi   s

=
3Y
i;j=1
sb

iQ
2
+ ai + bj

(3.21)
with
3X
i=1
(ai + bi) =  iQ : (3.22)
On the l.h.s. we can shift the integration variable sending ai ! ai +  and bi ! bi  .
Similarly the r.h.s. depends only on the combination ai + bj invariant under the previous
shift. By considering also the constraint (3.22) we see that indeed the identity depends
only on 4 parameters, which are associated to the Cartan generators of the SU(3)2 global
symmetry. Notice also that on the l.h.s. of eq. (3.21) there is no FI parameter, since the
topological symmetry is broken by the monopole superpotential. This is the partition
function identity for the duality we found in (3.13).
This integral identity appears in various contexts in the mathematical literature, for
example when derived in [31] in was called ultimate integral identity. More recently it
has been called new pentagon identity and plays a role in the study of shaped trian-
gulations, [32]. This identity can also be obtained as a particular limit of the elliptic
beta-integral discovered by Spiridonov [33] and has been tested also on the 3d index [34].
A similar relation for U(1) with 4 avors and monopole operators in the superpotential
has been discussed in [24] and plays an important role in the 3d-3d correspondence. Both of
these dualities can be generalized to a Aharony-Seiberg duality for U(Nc) with Nf avors,
and W =M+ +M  [35].
Partition functions triality
We now complete the partition function proof of the triality. We start from theory TA where
we turn on real masses for the global symmetry U(1)top;1 U(1)top;2 U(1)t U(1). In
table 2 we record the charges of the elds in gure 4 and their contribution to the partition
function. The trial R-charges under U(1)Ro are consistent with the superpotential couplings
indeed one can verify that the real masses of P;Q;A and ~P ; ~Q; ~A sum up to iQ2 . Notice
that the abelian symmetry U(1)t mixes with U(1)Ro to give U(1)R = U(1)R0 +
1
6U(1)t.
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U(1)x U(1)y U(1) U(1)t U(1)Ro U(1)R =  Z
A -1 1 0 1 1=2 2=3 sb

iQ
4 + t+ (x1   x2)

~A 1 -1 0 1 1=2 2=3 sb

iQ
4 + t  (x1   x2)

P 1 0  1=2  1=2 3=4 2=3 sb

iQ
8   t2   i2   x1

~P -1 0  1=2  1=2 3=4 2=3 sb

iQ
8   t2   i2 + x1

Q 0 -1 1=2  1=2 3=4 2=3 sb

iQ
8   t2 + i2 + x2

~Q 0 1 1=2  1=2 3=4 2=3 sb

iQ
8   t2 + i2   x2

Table 2. Charges and contribution to the partition function of the bifundamental and fundamental
chiral elds.
Using this table it is easy to write the partition function of theory TA:
ZTA =
Z
dx1 dx2 e
2i(1x1+2x2)F2t(x2   x1)F2v (x1)F2v+(x2) ; (3.23)
where we combined pairs of chirals of opposite gauged charges into hypers and introduce
for convenience the parameter 2v =  t  iQ=4.
Now we dualize each hyper by using the pentagon identity (2.6):
= sb(2t)sb(2v  )
Z
dx1 dx2 ds dp dq e
2i(1x1+2x2)e 2(x2 x1)se 2x1pe 2x1q
F 2t(s)F 2v+(p)F 2v (q) : (3.24)
Integrations over x1; x2 give (1  p+ s) (2  q  s), which we implement by integrating
over p; q, in the end we nd:
= sb(2t)sb(2v  )
Z
dsF 2t(s)F 2v+(s+ 1)F 2v (2   s) = ZTB : (3.25)
In the last step we identied the partition function of theory ZTB , the U(1) theory with 3
ipped avors and a superpotential W =M+ +M +
P3
i iaibi. This proves the rst part
of the triality, which follow by piecewise mirror symmetry. The triality can be summarised
as follows:
ZTA =
Z
dx1dx2e
2i(1x1+2x2)F2t(x2   x1)F2v (x1)F2v+(x2)
= sb(2t)sb(2v  )
Z
dsF 2t(s)F 2v+(s+ 1)F 2v (2   s) = ZTB
= F2t(1 + 2)F2v+(1)F2v (2) = ZTC : (3.26)
As we have just shown ZTA = ZTB follows from the pentagon identity (2.6) while the
equality ZTB = ZTC is due to the new pentagon identity (3.21). Finally ZTA = ZTC gives
a new interesting identity:Z
dx1dx2e
2i(1x1+2x2)F2t(x2 x1)F2v (x1)F2v+(x2) = F2t(1 + 2)F2v+(1)F2v (2) :
(3.27)
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We can introduce the function:
B(x1; x2; v; ) := F2t(x1   x2)F2v (x1)F2v+(x2) ; (3.28)
which satises:
B(x1; x2; v; ) = B(x2; x1; v; ) ; (3.29)
and Z
dx1dx2e
2i(1x1+2x2)B(x1; x2; v; ) = B( 1; 2; v; ) : (3.30)
This Fourier-transform-like identity describing the S-duality of the brane setup in gure 5
(given that the (1; 1) pq-web is self dual) is very reminiscent of the S-transform action on
codimension-two defects discussed in [36].
3.3 The full structure of the three chiral rings
In the previous sections we proved that the three theories TA; TB; TC are dual, using
Kapustin-Strassler mirror symmetry arguments, this implies in particular that the chi-
ral rings of the three theories must be isomorphic. It is however instructive to study the
relations in three chiral rings separately. This section is not necessary for the following and
it can be skipped.
The chiral ring of TC , which is Wess-Zumino model apq+~a~p~q with no gauge interactions,
is very simple to compute. It is generated by the 6 elds a; p; q; ~a; ~p; ~q with  = 2=3.
The TA chiral ring contains monopole operators with charges a; b under the topological
symmetries U(1)top;1 U(1)top;2 and dimension
[Ma;bTA ] = (jaj+ ja  bj+ jbj)=3 : (3.31)
The 6  = 2=3 monopole operators
M1;0;M0;1;M1;1;M 1;0;M0; 1;M 1; 1 ; (3.32)
dual to the TC chiral ring generators are the TA chiral ring generators. As we shall see the
relations in TA involve non trivial quantum relations.
Finally in TB there are 6 non vanishing mesons with  = 2=3 which generate the
chiral ring.
We can use the two TA topological charges to organize the structure of the chiral rings.
For example at level  = 2=3 the mapping of the TA $ TC $ TB chiral ring generators is
conveniently written as0B@ M1;0 M1;1M0; 1 M0;1
M 1; 1 M 1;0
1CA$
0B@ p ~a~q q
a ~p
1CA$
0B@ p1 ~p2 p1 ~p3p3 ~p2 p2 ~p3
p3 ~p1 p2 ~p1
1CA (3.33)
In the next sections we will discuss the relations in the three chiral rings.
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TC chiral ring
In theory TC the 6 generators obey 6 quadratic F -terms relations
ap = pq = qa = ~a~p = ~p~q = ~q~a = 0 ; (3.34)
coming from the cubic superpotential WTC = apq + ~a~p~q.
At the second level,  = 4=3, we can construct 672 = 21 operators, but 6 of these are
vanishing, we are left with 15 = 12 + 3 operators, that can be organized as follows:0BBBBB@
p2 p~a ~a2
p~q q~a
~q2 a~a; p~p; q~q q2
a~q q~p
a2 a~p ~p2
1CCCCCA (3.35)
The operators in the chiral rings can be thought of as the holomorphic functions on
the moduli space of vacua, which is simply the product of the moduli space of vacua of two
XY Z models:
(Ca  Cp  Cq)
 (C~a  C~p  C~q) (3.36)
It's also easy to compute the Hilbert Series [37] of the chiral ring. The (unrened)
Hilbert Series for a single XY Z model is
HSXY Z = 3
1  t   2 (3.37)
where we need to subtract 2 to avoid overcounting the identity operator. The Hilbert Series
for the product of 2 XY Z models is thus
HSTC =

3
1  t   2
2
=
1 + 4t+ 4t2
1  t2 (3.38)
which admits the small t expansion
HSTC = 4 +
1X
n=0
(9k   3)tk = 1 + 6t+ 15t2 + 24t3 + : : : (3.39)
From the last equation we can infer that at level k there are 6k operators living on
the edges of an hexagon in the Z  Z lattice with vertices (k; 0);(k; k);(0; k), and,
for k > 0, 3k   3 operators living inside this hexagon, along the 3 main diagonals of
the hexagon.
TB chiral ring
In TB there are 3 basic relations
p1 ~p1 = p2 ~p2 = p3 ~p3 = 0 ; (3.40)
which are F -terms of the Pi ipi~pi part of the superpotential. These imply that there are
9 vanishing quadratic relations obeyed by the 6 mesons Mij = pi~pj ; i 6= j. For instance
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M31M12 = p3 ~p1  p1 ~p2 = 0 as a consequence of p1 ~p1 = 0. These are the 6 relations (3.34)
in TC , in addition we have 3 relations
M12M21 = M13M31 = M23M32 = 0 : (3.41)
Moreover, in TB there are 3 additional chiral ring generators, the 3 gauge-singlets i, that
have  = 4=3.
The TB chiral ring is generated by 6  = 2=3 operators and by 3  = 4=3 operators.
As we have seen the 6  = 2=3 operators obey 9 quadratic relations. Considering the
F -term of the Pi ipi~pi of the form ipi = i~pi = 0, we nd additional relations at level
 = 5=3: iMij = 0. Hence, even if at rst it looks like that the TB and TC chiral rings
are dierent, they are just two dierent presentation of the same algebraic structure. For
instance let us look at the level  = 4=3 operators, there are 15 = 12 + 3 operators, that
can be organized as:0BBBBB@
M212 M12M13 M
2
13
M32M12 M13M23
M232 i=1;2;3 M
2
23
M31M32 M23M21
M231 M31M21 M
2
21
1CCCCCA ; (3.42)
and immediately matched to the corresponding generators in TC (3.35).
TA chiral ring
The chiral ring structure is more involved to uncover in the case of TA. The 6 quadratic
relations must be quantum relations involving monopole operators, it turns out these re-
lations are setting to zero the 6 monopole operators Mx;y with jxj + jx   yj + jyj = 2,
for instance
M1;1 =M1;0M0;1 = 0 : (3.43)
There are 3 additional relations. The 3 gauge invariant mesons which are not vanishing
in the chiral ring are quadratic in the monopoles:
(Q ~Q;P ~P ;A ~A) = (M1;0M 1;0;M0;1M0; 1;M1;1M 1; 1) (3.44)
We can understand the rst relation Q ~Q =M1;0M 1;0 in the following way. Think of TA
as a gauging of T 0 as in gure 7, i.e. U(1) with 2 avors A; ~A and P; ~P where the mesons
AP and ~A ~P are ipped by the elds Q and ~Q. The dual of T 0 is T , i.e. U(1) with 2 avors
fpi; ~pig with W = 0. In T the 4 mesons Mij satisfy the rank-1 condition
M11M22 = M12M21 ; (3.45)
which in T 0 reads Q ~Q =M+M . After gauging the U(1) symmetry to go back to TC , this
equation becomes Q ~Q =M1;0M 1;0.
In TA the 15 operators at level  = 4=3 are the 12 monopole operators Mx;y with
jxj + jx   yj + jyj = 4, which can be constructed like M2;0 = M1;0M1;0 plus 3 operators
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with vanishing topological charge (M1;0M 1;0;M0;1M0; 1;M1;1M 1; 1) which sit at the
origin of the lattice. Because of the 3 relations discussed above, the 3 mesonic would-
be-generators (Q ~Q;P ~P ;A ~A) can be eliminated from the presentation of the chiral ring
algebraic structure.
It would be nice to apply the formalism developed in [16{18, 38, 39] and perform a
direct computation of the Hilbert Series.
Comments on the triality
In this section we gave a proof that the 3 gauge theories TA; TC ; TB are dual. The theory
TA is associated to the brane setup 1NS50   1D3   (1NS5; 1D50)   1D3   1NS50 while we
argued that the mirror dual theory TC is associated to the S-dual brane setup 1D50 1D3 
(1D5; 1NS50)   1D3   1D50 . A natural question is the relation between theory TB and the
brane setups. In the next section we will generalize this result to the setups 1NS50   1D3 
(1NS5;KD50)  1D3  1NS50 and its S-dual 1D50   1D3  (1D5;KNS50)  1D3  1D50 . We will
nd that we can associate to each brane setup two slightly dierent gauge theories, and the
dierence consists precisely in replacing a subquiver TB with a subquiver TC . So in a sense
the theory TB is associated to both brane setups 1NS50   1D3   (1NS5; 1D50)  1D3   1NS50
and 1D50   1D3   (1D5; 1NS50)  1D3   1D50 .
The fact that we can do this replacement without introducing BF couplings is non-
trivial, since in general if we perform a partial dualization we do get BF couplings. For
example if in a quiver theory we dualize a pair of chiral elds to a U(1) theory with 1
avor, we also need to add BF couplings between the new U(1) node and all the nodes
under which the 2 chirals were charged.
4 D3 branes ending on the (1NS5;KD50)$ (KNS50; 1D5) pq-webs
In this section we will extend the previous results to the following brane setup:
1NS50   1D3   (1NS5;KD50)  1D3   1NS50 (4.1)
and the S-dual
1D50   1D3   (KNS50 ; 1D5)  1D3   1D50 (4.2)
The global symmetry of the rst brane set up is
U(1)1NS50  [SU(K) SU(K)U(1)](KD50 ;1NS5) U(1)1NS50 U(1)t ; (4.3)
and the low energy description on the D3 branes is the well known quiver gauge theory
TA;K which we discuss in the next section. The gauge theory corresponding to the second
brane setup is not known. We will nd it using partial mirror symmetry, i.e. dualizing all
the 4K + 2 chiral elds of TA;K .
We leave the discussion on the low energy description of D3 branes ending on the
(HNS5;KD50) pq-web for the future.
{ 21 {
J
H
E
P
0
8
(
2
0
1
6
)
1
3
6
Figure 9. The brane set up 1NS50   1D3   (1NS5;KD50)  1D3   1NS50 and its low energy quiver
description TA;K quiver. The (1NS5;KD50)-web is represented by its toric diagram: a rectangle
with base K and hight 1.
TA;K : global symmetries and chiral ring
We begin with the brane set-up 4.1 and study its low energy description TA;K . This the
U(1)  U(1) gauge theory sketched in gure 9, with a bifundamental avor A; ~A and K
avors for each U(1) node, that we denote Pi; ~Pi and Qi; ~Qi.
There is also a cubic superpotential with 2K terms:
WTA;K =
KX
i=1
(APiQi + ~A ~Pi ~Qi) : (4.4)
The global symmetries of the setup are the non Abelian SU(K)2 acting on the avors, the
two topological U(1) symmetries, and two additional U(1) avor symmetries acting exactly
as U(1)t and U(1) in TA.
The exact superconformal R-symmetry mixes with U(1)t so it has to be obtained
from Z-minimization. We parameterize the R-symmetry in terms of the R-charge of the
4K avor elds, that we denote r and leave r as an unknown parameter. All the avor
elds have the same R-charge as a consequence of the SU(K)2 global symmetry and of an
additional global Z2  Z2 symmetry.
From the exact marginality of the superpotential (4.4), it follows that the 2 bifunda-
mental chirals A; ~A have R-charge 2  2r.
The global charges of the monopole operators can be obtained by means of (2.14).
Denoting by Ma;bTA;K the monopole with topological charges (a; b), we nd
R[Ma;bTA;K ] = K(jaj+ jbj)(1  r) + ja  bj(1  (2  2r)) (4.5)
Notice that for K > 1 R[M1;1TA;K ] 6= R[M
1;0
TA;K ]. As usual, a generic monopole
operator in the chiral ring is equivalent to a product of the basic monopole operators
M1;0TA;K ;M
0;1
TA;K ;M
(1;1)
TA;K , for instance if a > b > 0 we have:
R[Ma;bTA;K ] = (a  b)R[M
1;0
TA;K ] + bR[M
1;1
TA;K ] : (4.6)
Concluding, the chiral ring of TA;K is generated by
 K2 +K2 mesons Pi ~Pj and Qi ~Qj , with R charge 2r
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Figure 10. The theory bTA;K . Wavy lines indicate BF couplings.
 1 meson A ~A, with R charge 4  4r
 4 monopole operators M1;0TA;K ;M
0;1
TA , with R charge K(1  r) + 2r   1
 2 monopole operators M(1;1)TA;K , with R charge 2K(1  r) .
Notice that in the K = 2 case there is a degeneracy: the meson A ~A and the 2 monopole
operators M
(1;1)
TA;2 have the same R charge. This suggests an enhanced symmetry. Indeed
the 5d CFT associated to the pq-web (2D50 ; 1NS5) is U(1) with 2 avors, which is actually
a free theory of 4 hypers, [2]   [2], and supports the tri-fundamental symmetry SU(2)3.
Dualization to TB;K
We now group the chiral elds of theory TA;K in 2K+1 pairs of chirals with opposite gauge
charges, and dualize each pair using the standard abelian duality
fPi; ~Pig;W = 0! U(1)L;i; pi; ~pi;W = pi~piL;i
fQi; ~Qig;W = 0! U(1)R;i; qi; ~qi;W = qi~qiR;i (4.7)
fA; ~Ag;W = 0! U(1)a; a; ~a;W = a~aa ;
where the new elds qi; ~qi; pi; ~pi and a; ~a have R charge 1  r and 1  (2  2r) respectively.
In this new dual frame we nd bTA;K a U(1)2K+3 theory with 4K + 2 charged chiral elds,
2K + 1 singlet chiral elds and BF couplings depicted in gure 10. The superpotential
contains the 2K + 1 ipping terms, plus the original 2K terms of (4.4), which are now
written in terms of the monopole operators Ma for the U(1)a; a; ~a node, M

i;L for the
U(1)L;i; pi; ~pi nodes and M

i;R for the U(1)R;i; qi; ~qi nodes:
WbTA;K =
X
i
(M+aM
+
i;LM
+
i;R +M
 
aM
 
i;LM
 
i;R + qi~qii;L + pi~pii;R) + a~aa : (4.8)
At this point we can integrate over the two original gauge U(1)'s, that have zero
avors, and produce a functional Dirac delta. We can implement the Dirac delta to present
our gauge theory as the linear quiver TB;K depicted in gure 11, with U(1)2K 1 gauge
symmetry. This theory provides a low energy description of the brane set up (4.2).
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Figure 11. The theory TB;K .
Let us compute the R charge of some basic monopole operators, recalling that the 4K
`horizontal' bifundamentals have R charges 1   r and the 2 `vertical' bifundamentals a; ~a
have R charges 2r   1.
We nd that there are 2K monopole operators with topological charge given by a
string of 1 extending symmetrically from the central node, with R charge 2:
R[M(0;:::;0;1;:::;1j1j1;:::;1;0;:::;0)] = 1  (1  r) + 1  (1  r) + 1  (2r   1) = 2 (4.9)
The part of the superpotential involving the monopoles, which is the sum of 2K terms, is
precisely the sum of the 2K operator in eq. (4.9). These operators are not in the chiral ring.
There also 4
 
K
2

= 2K(K   1) monopole operators with topological charge given by a
string of 1 extending to the right or to the left of the central node, with R charge 2r:
R[M(0;:::;0;1;:::;1;0;:::;0j0j0;:::;0)] = R[M(0;:::;0j0j0;:::;0;1;:::;1;0;:::;0)] = 1 (1 r)+1 (1  r) = 2r
(4.10)
These operators combine with the 2K singlets i;L and i;R to form 2 SU(K)  SU(K)
bifundamental representation of R charge 2r. These are dual to the 2K2 mesons Pi ~Pj and
Qi ~Qj of theory M
a;b
TA .
The chiral ring of TB;K is generated by
 K2 +K2 monopole and singlets i;L=R operators, with R charge 2r.
 1 singlet a, with R charge 4  4r
 4 mesons QKi=1 pia, QKi=1 ~pi~a, QKi=1 qi~a, QKi=1 ~qia, with R charge K(1  r) + 2r   1
 2 mesons QKi=1 piQKi=1 ~qi, QKi=1 ~piQKi=1 qi, with R charge 2K(1  r)
and precisely maps to the generators of the chiral ring of TA;K .
Dualization to TC;K
We can also use the triality discussed in detail in section 3 to give a dierent presentation
of the theory associated to the brane setup (4.2). Inside TB;K we can see a subquiver
isomorphic to TB: U(1) with 3 avors (a; ~a with R = 2r 1 and pK ; ~pK ; qK ; ~qK with R = 1 
r) plus 3 ipping elds (a;K;L;K;R) and the monopole superpotentialM
(0;:::;0j+1j0;:::;0)+
M(0;:::;0j 1j0;:::;0)). Using the duality between TB and TC we can locally modify the quiver
of gure 11 to the quiver of gure 12, replacing TB with a copy of TC , i.e. a pair of XYZ
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Figure 12. The theory TC;K .
models with elds that we label A; ~A with R = 2  2r and B; ~B;C ~C with R = r. Theory
TC;K has 2K   2 nodes and the superpotential now reads
WTC;K =Wip +Wmonopole +ABC + ~A ~B ~C ; (4.11)
where both
Wip =
K 1X
i=1
(qi~qii;L + pi~pii;R) (4.12)
and
Wmonopole =M+(0;0;:::;0;1j1;0;:::;0;0)
+M+(0;:::;0;1;1j1;1;0;:::;0) (4.13)
+ : : : : : : : : :
+M+(1;1;:::;1;1j1;1;:::;1;1)
+M (0;0;:::;0;1j1;0;:::;0;0)
+M (0;:::;0;1;1j1;1;0;:::;0)
+ : : : : : : : : :
+M (1;1;:::;1;1j1;1;:::;1;1)
have 2K   2 terms.
It is easy to check that the chiral ring generators are precisely the same as in TB;K .
One non-trivial aspect of this theory is that the two central U(1), are `balanced' even if
they support 3 avors instead of 2. Let us check this statement by computing the scaling
dimension of the simple monopole associated to those nodes: M(0;:::;0;1j0;:::;0).
R[M(0;:::;0;1j0;:::;0)] = 1  rpK 1 + 1  rA + 1  rB = (r) + ( 1 + 2r) + (1  r) = 2r (4.14)
which is equal to the scaling dimension of the monopoles associated to the other nodes of
the quiver with 2 avors.
S-duality and gauge theory tetrality
We can also apply the TC ! TB replacement inside theory TA;K . We get a new theory
TD;K , a U(1)3 quiver gauge theory with K   1 avors for the external nodes and 1 avor
{ 25 {
J
H
E
P
0
8
(
2
0
1
6
)
1
3
6
for the central node, depicted in the top right corner of gure 13. Here the obvious global
symmetry is only SU(K 1)2U(1)6, but there must be an enhancement to SU(K)2U(1)4.
Naming the bifundamental elds a; ~a, b;~b and the central avor c; ~c, the superpotential
now reads
WTD;K =
K 1X
i=1
(abPiQi + ~a~b ~Pi ~Qi) +M
(0;1;0) +M(0; 1;0) + aa~a+ bb~b+ cc~c : (4.15)
Again, it's easy to check that the chiral ring generators are the same. For instance the
left K2 mesons Pi ~Pj i; j = 1 : : :K are now given by
 the (K   1)2 quadratic operators Pi ~Pj : i; j = 1; : : : ;K   1
 the 2(K   1) cubic operators Pi~ac and ~Pia~c, i = 1; : : : ;K   1
 the quartic operator a~ac~c
Notice that in this case the global symmetry enhancement is not of type (U(1)top 
U(1)axial)
K 1 ! SU(K)2. Here we have two standard mesonic symmetries that combine
to give SU(K  1)U(1)! SU(K). Again, we have no rigorous proof of the enhancement
without invoking dualities. It would be nice to compute the Hilbert Series of the chiral
rings using the monopole formulae of [16{18, 38, 39].
In conclusion we have shown that there are four dual gauge theories descriptions for
the two S-dual brane set-up as summarized in gure 13.
4.1 S3 partition function derivation
Finally we check the duality web at the level of partition functions. We start from TA;K
with real masses ma,
PK
a ma = 0, a,
PK
a a =  in the Cartan of SU(K)m  SU(K) 
U(1) U(1)t U(1)1 U(1)2 :
ZTA;K=
Z
dx1dx2e
2i(1x1+2x2)F2t(x2   x1)
KY
i=1
F2v a(x1 +ma)F2v+a(x2 +ma) : (4.16)
We begin by dualizing the bifundamentals F2t(x2 x1) = sb(2t)
R
ds2is(x1 x2)F 2t(s),
we then collect all the elds connected to the x1 node and use eq. (2.12) to dualize into
the mirror linear quiver:Z
dx1e
2ix1(1+s)
KY
a=1
F2v a(x1+ma) =
KY
a=1
sb(2v a)
Z K 1Y
a=1
dwa TK(~w; ~m; 2v  ~; 1+s) :
(4.17)
We do the same for the x2 integrationZ
dx2e
2ix2(2 s)
KY
a=1
F2v+a(x2+ma) =
KY
a=1
sb(2v+a)
Z K 1Y
a=1
dua TK(~u; ~m; 2v ~; 2 s) ;
(4.18)
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Figure 13. A gauge theory tetrality for two S-dual brane set ups. The quiver theories in the rst
line are related by the application of the TC ! TB duality and describe the (1NS5;KD50)-web. The
quiver theories in the third and forth lines describe the S-dual (KNS5; 1D50)-web. They are related
to each other by the application of the TC ! TB duality and are obtained from those on the rst
line by piece-wise mirror-dualisation.
and we nd
(4:16) = sb(2t)
KY
a=1
sb(2v  a)
Z
dsF 2t(s)

Z K 1Y
a=1
dwa TK(~w; ~m; 2v + ~; 1 + s)

Z K 1Y
a=1
dua TK(~u; ~m; 2v   ~; 2   s) : (4.19)
We can rewrite this by shifting wa ! wa + 1 and ua ! ua + 2 and sending ua !  ua as:
= e 2im1(1+2)sb(2t)
KY
a=1
sb(2v  a)
Z
ds
Z K 1Y
a=1
dwa
Z K 1Y
a=1
dua
 e2i(m2 m1)(w1 u1)e2i(m3 m2)(w2 u2)    e2i(mK mK 1)(wK 1 uK 1)
 F 2t(s)F 2v+K (wK 1   s)F2 v K (uK 1   s)
 F 2v+1(w1 + 1)F 2v+2(w2   w1)   F 2v+K 1(wK 1   wK 2)
 F 2v 1(u1   2)F 2v 2(u2   u1)   F 2v K 1(uK 1   uK 2) = ZTB;K : (4.20)
We observe that the real masses a on the l.h.s. and on the r.h.s. are identied and that there
is no real mass turned on for the central U(1)top;s. This is consistent with WTB;K breaking
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the global symmetries on the two tails to the diagonal and the central node topological
symmetry. The 2K + 1 ipping terms are also visible. This allows us to identify (4.20)
with the partition function of TB;K .
We can integrate over the central node by using the new pentagon identity (3.21):
= e 2im1(1+2)
K 1Y
a=1
sb(2v  a)
Z K 1Y
a=1
dwa
Z K 1Y
a=1
dua
 e2i(m2 m1)(w1 u1)e2i(m3 m2)(w2 u2)    e2i(mK mK 1)(wK 1 uK 1)
 F2t(wK 1   uK 1)F2v+K (wK 1)F2v K (uK 1)
 F 2v+1(w1 + 1)F 2v+2(w2   w1)   F 2v+K 1(wK 1   wK 2)
 F 2v 1(u1   2)F 2v 2(u2   u1)   F 2v K 1(uK 1   uK 2) = ZTC;K : (4.21)
Again we observe that the real masses on the left and right tails are identied which is
consistent withWTC;K . There are also the 2K 2 ipping terms hence we can identify (4.21)
as the partition function of TC;K .
Finally we nd the last dual presentation to complete the diagram in gure 13. In (4.16)
we implement the TC = TB duality to replace:
F2t(x2   x1)F2v K (x1 +mK)F2v+K (x2 +mK) =
sb(2t)sb(2v  K)
Z
ds F 2t(s)F 2v K (s+ x1 +mK)F 2v+K (s+ x2 +mK) : (4.22)
If substitute this into eq. (4.16) we nd
= sb(2t)sb(2v  K)
Z
dx1dx2e
2i(1x1+2x2)
K 1Y
a=1
F2v a(x1 +ma)F2v+a(x2 +ma)

Z
ds F 2t(s mK)F 2v K (s+ x1)F 2v+K (s+ x2) = ZTD;K ; (4.23)
which is the partition function of TD;K . From this expression we see how the real masses
are mapped and conclude that indeed as anticipated the symmetry enhancement involves
only mesonic symmetries.
5 Massive deformations
Complex mass deformations
Consider deforming the 1NS5   (1NS50 ;KD5)  1NS5 set-up to 1NS5   (1NS50 ;K   hD5) 
hD5 1NS5. We are extracting h D5 from the pq-web and pushing them to the right. This
deformation corresponds in the 3d low energy theory to turning on a complex mass for h
mesons in TA;K :
WTA;K !W 0 = m
hX
i=1
Pi ~Pi +
KX
i=1
(APiQi + ~A ~Pi ~Qi) : (5.1)
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Integrating out the 2h massive elds Pi; ~Pi ; i = 1; : : : ; h we obtain at low energies the
theory T defA;K depicted in gure 14, a U(1)2 quiver gauge theory with 4(K   h) chirals
entering a cubic superpotential and 2h chirals entering a quartic superpotential:
WT defA;K =  
1
m
A ~A
hX
i=1
Qi ~Qi +
KX
i=h+1
(APiQi + ~A ~Pi ~Qi) : (5.2)
This superpotential preserves a global symmetry SU(K h)2U(1)U(h)U(1)2topU(1)t,
as expected from the global symmetry of the brane system. Notice that the global symmetry
associated to the stack of h D5 branes is now U(h) rather than SU(h)2  U(1), since the
h D5's are not broken into two parts. The complex mass parameter m is related to the
distance between the (K   hD50 ; 1NS) pq-web and the h-D5's stack. When this distance
goes to zero, there is a divergence in the Lagrangian that must be cured integrating in the
2h chiral elds Pi; ~Pi.
6
As an aside, if we push hR D5's to the right and hL D5's to the left of the pq-web, while
K   hL  hR D5's remain on top of the NS50, we obtain a [K   hR]  (1)  (1)  [K   hL]
quiver with superpotential
W = A ~A(
hLX
i=1
Pi ~Pi +
hRX
i=1
Qi ~Qi) +
KX
i=hL+hR+1
(APiQi + ~A ~Pi ~Qi) : (5.3)
Let us go back to the theory T defA;K and try to determine the mirror dual. We can start
from the dual (1D50 ;KNS) web and extract h NS5 branes. This leads to the low energy
theory T defC;K which is given by TC;K h, with the monopole superpotential mirror of the
cubic part of (5.2), joined to an additional U(1)h tail as shown in gure 14. The Coulomb
branch operators (adjoint singlets i and monopoles) of these additional h nodes enter the
superpotential through the mirror of the quartic part in (5.2), A ~A(
P
iQi
~Qi). Recalling
the map (2.16), we see that whole superpotential is given by
WT defC;K =Wip +Wmonopole  
1
m
a~a
 
hX
i=1
i
!
: (5.4)
The adjoint singlets couple to the central bifundamentals a; ~a through the coupling
a~a(
Ph
i=1 i) which breaks all the axial symmetries of the U(1)
h tail, the U(1)h topological
symmetries instead enhance to U(h). Notice also that the coupling a~a(
Ph
i=1 i) is non-
local in the quiver: the h singlets i enter the superpotential both with a bifundamental
in the right U(1)h tail, and with the bifundamental connecting the two U(1)K h 1 tails.
6Notice that in the brane setup 1NS50   ND3   hD5   ND3   1NS50 the non Abelian global symmetry
is SU(h)2, while in the brane setup 1NS50   ND3   1NS50  MD3   hD5  MD3   1NS50 the non Abelian
global symmetry is SU(h). In the latter case the quartic superpotential term involving the h avors and the
bifundamentals breaks SU(h)2 ! SU(h). In the former case it's impossible to write such a superpotential
term so there is an accidental chiral symmetry in the gauge theory. We are grateful to Amihay Hanany for
discussions about this point.
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Figure 14. The eect of a complex mass deformation.
We can check the duality at the level of partition function. For T defA;K we have:
ZT defA;K =
Z
dx1dx2e
2i(1x1+2x2)F2t(x2   x1)

K hY
i=1
F2v a(x1 +ma)F2v+a(x2 +ma)
hY
j=1
F2v+(x2 +Mj) ; (5.5)
where the quartic superpotential imposes  = 2v.
It is then easy to check that the piecewise dualisation leads to:
ZdefTC;K = e
 2i(m11+M12)sb(4v)h
K h 1Y
a=1
sb(2v  a)
Z K h 1Y
a=1
dwa
Z K 1Y
a=1
dua
 e 2iu1(M2 M1)    e 2iuh 1(Mh Mh 1)
 e2i(m2 m1)(w1 uh+1)e2i(m3 m2)(w2 uh+2)    e2i(mK h mK h 1)(wK h 1 uK 1)
 F2t(wK h 1   uK 1)F2v+K h(wK h 1)F2v K h(uK 1)
 F 2v+1(w1 + 1)F 2v+2(w2   w1)   F 2v+K h 1(wK h 1   wK h 2)
 F 2v 1(uh+1   uh)   F 2v K h 1(uK h 1   uK h 2)
 F 4v(u1   2)F 4v(u2   u1)   F 4v(uh   uh 1) : (5.6)
Notice that the eect of the coupling a~a(
Ph
i=1 i) which breaks the axial symmetries of
the joint U(1)h tail is visible in the last line where all the axial masses are set equal to  2v.
Real mass deformations
A dierent type of deformations of our brane set-ups corresponds to turning on real masses
in the 3d low energy theories. For example, in the brane set-up for TA in gure 4, we
consider the deformation where we move toward innity along x7 one of the two D5
0
halves. The (1NS5; 1D50)-web is deformed to a junction of three 5-branes. The toric diagram
associated to the junction is the triangle with unit base and hight shown gure 15. This
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deformation corresponds to the following limit on the real masses:7
 = 2s ; 1;2 ! 1;2  s s!1: (5.7)
We can easily evaluate this limit by using the asymptotic of the double sine function:
lim
x!1 sb(x)  e
i x2
2 : (5.8)
In ZTA we need to \follow the vacuum" by shifting x1;2 ! x1;2 + s to nd
lim
s!1ZTA = e
is(4v+iQ)
Z
dx1dx2 e
i
2 (
iQ
4
+v+x2)
2
e 
i
2 (
iQ
4
+v x1)2
 e2i(x11+x22)F2t (x2   x1) sb

iQ
4
+ v + x1

sb

iQ
4
+ v   x2

: (5.9)
The eect of the limit is to remove one chiral on each node and to replace it with half
CS units of opposite sign as shown in the rst quiver from the left in gure 15. The
superpotential contains only the cubic term ~P ~A ~Q.
In TB the limit (5.7) yields:
lim
s!1ZTB = e
is(4v+iQ) sb (2t)
Z
dz e
i
2 (
iQ
4
 v+z+1)2e 
i
2 (
iQ
4
 v z+2)2
 F 2t (z) sb

iQ
4
  v + z   2

sb

iQ
4
  v   z   1

; (5.10)
in this case the limit removes two chirals and two singlets and creates some background CS
units as shown in the centre of gure 15. The superpotential consists of a cubic term ipping
the hypermultiplet and the linear monopole term M+ to which ~P ~A ~Q in TA is mapped.
Finally in TC the limit (5.7) gives:
lim
s!1ZTC = e
is(4v+iQ)e
i
2 (
iQ
4
+v+1)
2
e 
i
2 (
iQ
4
+v+2)
2
 F2t (1 + 2) sb

iQ
4
+ v   2

sb

iQ
4
+ v   1

: (5.11)
Again two chiral multiplets are removed and replaced by two background half CS units of
opposite sign as shown on last quiver on the right in gure 15.
It is easy to generalize this mass deformation to the case (1NS5;KD50) case. When
we send to innity a D50 half the (1NS5;KD50)-web is deformed into the conguration
corresponding to a toric diagram given by a right trapezoid with bases of length K and
K   1 and unit height shown in gure 16. To implement this limit we dene a new set of
vector masses and axial masses
a ! a ; ma ! ma   s ; a 6= i ; mi ! mi + (K   1)s ;
i ! 2Ks ; 1;2 ! 1;2  s : (5.12)
7With dierent choices of signs we can integrate out chirals of opposite charge generating CS terms with
opposite levels, see for example [40]. Here we are only interested in a qualitative analysis of the eect of
these real mass deformations on the dual theories.
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Figure 15. The eect of a real mass deformation on the triality.
Figure 16. The eect of a chiral mass deformation on TA;K and on its mirror TC;K .
In TA;K we shift the integration variables x1;2 ! x1;2 + s and use the asymptotics (5.8) to
nd (we also absorb some linear terms in a renormalisation of the FI parameters):
lim
s!1ZTA;K 
Z
dx1dx2 e
2i(1x1+2x2) e
i(x22 x21)
2
 F2t (x2   x1) sb

iQ
4
+ v + x1 +mi

sb

iQ
4
+ v   x2  mi


KY
a 6=i
F2v a(x1 +ma)F2v+a(x2 +ma) : (5.13)
The eect of this limit is to remove one chiral on the left and one on the right and to
introduce two opposite half CS units as shown on the top of gure 16. The superpotential
coupling PiAQi is removed.
The mirror dual can be easily obtained via piece-wise dualisation. We apply the
pentagon identity (2.6) to dualize the 2(K   1) hypers connected to the left and right
nodes and the bifundamental hyper. The chirals with half CS unit are instead dualized by
means of eq. (2.7). After implementing the delta functions and applying the new pentagon
identity (3.21) we can present the result as the quiver on the bottom of gure 16. On each
tail the i-th bifundamental chiral is removed and a BF coupling with half CS unit is created.
Finally in the superpotential we need to remove the term M (0;:::;0;1;:::1;1j1;1;:::;1;0:::;0) dual
to the cubic coupling PiAQi containing the chirals that we have integrated out.
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One can iterate this deformation and move to innity all the K D50 halves on the same
side of the NS5 and reach a conguration described by a toric diagram given by a right
triangle of base K and unit hight. It should be clear that on the gauge theory side this
deformation corresponds to integrate out all the fundamental chirals in the lower triangle
in TA;K . On the dual side instead we are left with a deformed version of TC;K where the
quiver tails contain chiral bifundamentals going only in one direction plus BF couplings.
Vector mass deformation
Another interesting non-minimal deformation corresponds to moving towards innity two
D50 halves on opposite side of the NS5 along the x7 direction with the same sign. This has
the simple eect of removing a D50 from the pq-web: (1NS5;KD50)! (1NS5;K   1D50).
To implement this deformation in ZTA;K we dene a new set of vector masses
ma = ma   s ; a 6= i ; mi = mi + (K   1)s ;
we shift the integration variables x1;2 ! x1;2 +s and take the s!1 limit. Only the ith left
and right hypers are aected by this limit which we evaluate by using the asymptotics (5.8):
lim
s!1F2v i (x1 +mi +Ks)F2v+i (x2 +mi +Ks)
 ei(x1+mi+Ks)( i+2v+ iQ2 )ei(x2+mi+Ks)(i+2v+ iQ2 ) : (5.14)
We see that this limit has the trivial eect of removing two hypers and contributing a nite
shift to the FI parameters. The remaining part of the partition function will have no mi
and i dependence hence it will be a function of 2K real masses only. We conclude that
as expected this vector mass deformation reduces TA;K ! TA;K 1. The mirror duals are
obviously TB;K 1 and TC;K 1.
Axial mass deformation
We can also send two D50-halves, on opposite side of the NS5, to innity along x7 with
opposite signs. In this case the (1NS50 ;KD50)-web is deformed into the conguration corre-
sponding to a toric diagram given by a parallelogram with bases of length K   1 and unit
height shown in gure 17.
To implement this deformation we take i = s!1. In ZTA;K this limit yields:
lim
s!1ZTA;K = e
is(2v+ iQ
2
)
Z
dx1dx2e
2i(1x1+2x2)e2imi(x2 x1) F2t(x2   x1)ei(x22 x21)

KY
a 6=i
F2v a(x1 +ma)F2v+a(x2 +ma) : (5.15)
The ith hypers are removed and replaced by two Chern-Simons terms with k = 1 as
shown in gure 17. Notice that actually there is no-dependence on the mass mi as it can
be absorbed in a shift in the FI parameters. Also in this case the deformed theory depends
on 2K real masses only.
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Figure 17. The eect of an axial mass deformation on TA;K and on its mirror TC;K .
In this case the cubic superpotential couplings PiAQi + ~Pi ~A ~Qi are removed.
We can now nd the mirror of this conguration by piecewise dualisation. We rst
dualize all the hypers by means of the pentagon identity (2.6). We then dualize the Gaus-
sian CS couplings by writing them as inverse Fourier transforms. At this point, after few
manipulation we can apply the new pentagon identity (3.21) to present the dual theory as
the quiver on the bottom of gure 17 with partition function:
lim
s!1ZTC;K = e
is(2v+ iQ
2
)e 2im1(1+2)
K 1Y
a 6=i
sb(2v  a)
Z K 1Y
a=1
dwa
Z K 1Y
a=1
dua
 e2i(m2 m1)(w1 u1)    e2i(wi 1 ui 1)mi 1e2i(ui wi)mi+1    e2i(mK mK 1)(wK 1 uK 1)
 F2t(wK 1   uK 1)F2v+K (wK 1)F2v K (uK 1)
 F 2v+1(w1 + 1)F 2v+2(w2   w1)    ei(wi wi 1)
2   F 2v+K 1(wK 1   wK 2)
 F 2v 1(u1   2)F 2v 2(u2   u1)    e i(ui ui 1)
2   F 2v K 1(uK 1   uK 2) :
From this expression we see that the axial mass deformation removes a bifundamental
hyper on each tail and replaces it with a BF coupling at level k = 1.
In this case the superpotential doesn't have the termsM(0;:::;0;1;:::1;1j1;1;:::;1;0:::;0) which
are dual to the cubic couplings PiAQi + ~Pi ~Ai ~Qi containing the integrated out chirals.
(1;K) and (K; 1) pq-5branes. By iterating the real mass deformation one can describe
more general congurations. In particular the case where we integrate out all the chirals
corresponding to moving to innity in opposite directions the two stacks of K D50- halves
on the two sides of the NS5, deforms the (1NS5;KD50)-web into a (1;K) pq-5brane. Recall
that a D50 is a (1; 0) pq-5brane and an NS5 is a (0; 1) pq-5brane.
The low energy theory describing the conguration 1NS50   1(1;K)5   1NS50 is then
obtained by taking the limit i = s ! 1 for i = 1;   K in TA;K and it is given by a
U(1)2 quiver with a bifundamental, and K Chern-Simons units for each node. The low
energy description of the S-dual set-up 1DS50   1(K;1)  1D50 can be obtained by taking the
same limit in TC;K , which has the eect of removing all the bifundamentals in the two tails
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Figure 18. The necklace quiver.
and replacing them by BF couplings. Since all the nodes in the tails have no matter we
can easily perform all the Gaussian integrations and present the theory as a U(1)2 quiver
with a bifundamental, and 1=K Chern-Simons units for each node. The inversion of the
Chern-Simon level is indeed what is expected by dualisation.
Actually since the low energy theory of the set-up 1NS50   1(1;K)   1NS50 has only a
bifundamental we can perform all the integrations and nd:Z
dx1dx2e
2i(1x1+2x2)eiK(x
2
2 x21) F2t(x2   x1) = 2e
i(1 2)2
K F2t(1 + 2) : (5.16)
6 Abelian necklace quivers
In this section we consider a circular, or necklace, quiver U(1)K , with K pairs of bifun-
damental chiral elds Ai; ~Ai and two pairs of chiral avors Pi; ~Pi; Qi; ~Qi at each node as
shown in gure 18. The superpotential is given by:
W =
KX
i=1
(iAi ~Ai   iAi+1 ~Ai+1 +AiPiQi + ~Ai ~Pi ~Qi) : (6.1)
This quiver theory should be related to the low energy theory on D3 branes stretched
between K pq-web of the basic form (1D50 ; 1NS) : : :  (1D50 ; 1NS)  (1D50 ; 1NS)  : : :. The
D3 brane direction is a circle.8 The brane set up is invariant under the action of IIB S-
duality and we expect the necklace quiver to be self mirror. We will show that this is indeed
the case rst by implementing the piecewise dualisation on the S3b partition function, then
by working out the map of the chiral ring generators.
(Higher rank versions) of these type of quivers, known as Hand-Saw quivers, appear
in a variety of contexts. For example they appear in connection with Laumon spaces and
W-algebras [41, 42].
Hand-Saw quivers play also a central role in the work of [43] where they have three
avatars. They appear as the theories on the vortices on the Higgs branch of 5d N = 1 An
quiver gauge theories. They also describe the 5d gauge theories when the Coulomb branch
8The quiver enjoys a U(1)3K+1 global symmetry, while the brane setup should support U(1)t  U(1)K
global symmetry (one U(1) for each (1D50 ; 1NS) pq-web). The discrepancy should be due to an accidental
symmetry in the eld theory description, similarly to what happens for the brane setup NS  D50  D50  
: : : D50  NS: the low energy 3d description is U(1) with k avors and W = 0. The global symmetry of
the U(1) gauge theory includes an SU(k)2, while on the brane there is only one SU(k) factor.
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parameters are tuned to special values and uxes are turned on. The last incarnation is as
q-deformed free eld correlators of q-deformed WN primaries.
Here we focus on the self-mirror property of the abelian case leaving the discussion of
the higher rank case for a future work.
S3b partition function
The S3b partition function with K real masses i for the topological symmetry, K vector
masses i (with
P
i = 0), K axial masses i, bifundamental mass B and the usual masses
t and 2v =  t  iQ4 is given by:
ZNecklace = sb( 2t)K
KY
i=1
Z
dxie
2ixii
 F2t(xi+1   xi + 2B)F2v+i(i + xi +B)F2v i+1(i+1 + xi  B) : (6.2)
To nd the piecewise mirror we begin by dualizing all elds by means of the pentagon
identity (2.6):
=
KY
i=1
sb(2v  i)
Z
dxidsidpidqi F 2t(si)F 2v i(pi)F 2v+i+1(qi) (6.3)
e2ixiie 2isi(xi+1 xi+2B)e 2ipi(i+xi+B)e 2iqi(i+1+xi B) : (6.4)
Integrations over xi yield (i   qi   pi + si   si 1) which we implement. After shifting
pi ! pi   si 1 we nd
=
KY
i=1
e 2ii(i+1 B)sb(2v  i)
Z
dpie
2ipi(i+1 i 2B)

Z
dsi F 2t(si)F 2v i(pi   si 1)F 2v+i+1(i + si   pi) : (6.5)
We then use the new pentagon identity (3.21) to perform the integrals dsi. Alternatively
one can apply K-times the TC = TA duality, which reduces to the identity (3.30), in (6.2)
and then implement the delta functions.
Now we shift pi ! pi 
Pi 1
j=1 j so that for example pi+1 pi ! pi+1 pi i and obtain:
= sb( 2t)K
KY
i=1
e 2ii(i+1 B)e2i( 
Pi 1
j=1 j)(i+1 i 2B)
Z
dpie
2ipi(i+1 i 2B) (6.6)
F2t(p1   pK +
KX
j=1
j)(
K 1Y
j=1
F2t(pj+1   pj))F2v+i+1(
iX
j=1
j   pi)F2v i+1(
iX
j=1
j   pi+1) :
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Finally we dene F =
PK
j=1 j , shift pi ! pi + i FK and, after few manipulations we arrive
at the following result for the mirror dual necklace:9
= sb( 2t)K
KY
i=1
Z
dpie
2ipi(i+1 i 2B)F2t(pi+1   pi + F
K
) (6.7)
 F2v+i+1
0@ iX
j=1

j   F
K

+
F
2K
  pi
1AF2v i+1
0@ iX
j=1

j   F
K

  F
2K
  pi+1
1A
= eZNecklace :
By comparing the partition functions (6.2) and (6.7) it is easy to work out the mirror map:
2B ! F
K
; i ! (i+1   i   2B) ; i+1 !  
iX
j=1

j   F
K

;
i+1 !  i+1 ; t! t : (6.8)
As expected mirror symmetry acts by swapping the real masses associated to the topological
symmetries with those associated to the avor symmetries while axial masses change sign.
This is similar to what happen in the mass deformed TSU(N).
Chiral ring generators map
The full moduli space is quite complicated and has many branches. Here we focus on the
two extreme ones the Coulomb (where all charged elds are set to zero) and the Higgs
branch (where monopole and singlets i are set to zero).
Higgs branch operators. The Higgs branch component of chiral ring is generated by
the 2K mesons MQ;i;MP;i = Qi ~Qi; Pi ~Pi, and by 2K(K   1) length-L \extended mesons"
operators of the form
M iL = Qi
LY
k=1
~Ai+kPi+L+1 ; ~M
i
L =
~Qi
LY
k=1
Ai+k ~Pi+L+1 ; L = 0;    ;K   2 ; (6.9)
where for L = 0 we have M i0 = Qi
~Pi+1 and ~M
i
0 =
~QiPi+1. These operators start at node i
and end at node i+L going in the right directions. 0  L < K, so the mesons don't wrap
around the whole necklace. Actually also the longest mesons (for L = K   1)
M iK 1 = Qi
K 1Y
k=1
~Ai+kPi+K ; ~M
i
K 1 = ~Qi
K 1Y
k=1
Ai+k ~Pi+K ; (6.10)
vanish since QiPi+K = QiPi and ~Qi ~Pi+K = ~Qi ~Pi vanish on the Higgs branch where i = 0.
We could also consider operators like ~Qi
QL
k=1Ai+kQi+L but they are zero in the chiral
ring because of F -terms.
9We omit a mirror-map invariant prefactor containing background Chern-Simons terms.
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There are also 3 mesonic operators constructed with bifundamental elds only:
MB = Ai ~Ai L =
Y
i
Ai ~L =
Y
i
~Ai ; (6.11)
satisfying L ~L = MNB . There is only one meson Ai ~Ai because of the i F -terms.
In total we have 2K(K   1) + 2K + 3 = 2K2 + 3 mesonic generators, their scaling
dimensions are easy to write down in terms of the scaling dimension r of Pi:
R[ ~M iL] = R[M
i
L] = 2r + L(2  2r) ; (6.12)
and
R[MB] = 4  4r R[L; ~L] = K(2  2r) : (6.13)
Notice that R[M i1] = R[
~M i1] = 2, so these 2K operators are marginal directions that could
be added to the superpotential. Also, there should be relations like
M iL ~M
i
L = M
L
BMQ;iMP;i+L : (6.14)
Coulomb branch operators. The Coulomb branch generators are the K singlets i
with scaling dimension R[i] = 4r   2.
Then we have 2K(K   1) basic monopole operators with topological charges given by
strings of +1's or  1's starting at node i and ending at node i + L with L < K. Their
scaling dimension is given by:
R[M(0;:::;0;1i;1i+1;:::;1i+L;0;0;:::;0)] = 2(1 R[Ai])+2(L+1)(1 R[Pi]) = 2r+L(2 2r): (6.15)
Notice that the 2K monopoles with L = 1 have scaling dimension 2 and can be added to
the superpotential.
Finally there are two basic monopole operators wrapping the necklace, their topo-
logical charges are all +1 or all  1. Their R charge receives contribution only from the
fundamental elds:
R[M(1;1;:::;1)] = 2K(1 R[Pi]) = 2K(1  r) : (6.16)
Mapping. The previous discussion suggests the following map of operators under mirror
symmetry. Since
R[M(1;1;:::;1)] = R[L] = R[ ~L] ; (6.17)
the two wrapping monopoles are mapped to the two wrapping mesons L and ~L. We
can also see this by looking at eect of the mirror map (6.8) on the real masses for of
wrapping mesons
K

iQ
4
+ t 2B

! K

iQ
4
+ t F
K

: (6.18)
We then have that
R[M iL] = R[ ~M
i
L] = R[M
(0;:::;0;1i;1;:::;1i+L;0;0;:::;0)] ; (6.19)
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Figure 19. We can apply the TC = TB to generate many dual presentation of the necklace quiver.
which suggests that under mirror symmetry the 2K(K   1) basic monopoles are mapped
to the extended mesons M iL;
~M iL. For example we can see how the masses of the mesons
~Qi ~Pi+1; QiPi+1 are transformed by the mirror map (6.8):
iQ
2
+ 2v +
i   i+1
2
 (i+1   i   2B)

!

iQ
2
+ 2v   i   i+1
2
 i

: (6.20)
Finally the K singlets i's, the bifundamental meson MB ' Ai ~Ai and the 2K mesons
Qi ~Qi; Pi ~Pi are mapped into themselves. Indeed they respectively have real masses equal
to  2t, 2t and iQ2 + 2v  i hence they are left unchanged by the mirror map (6.8).
We close this section by noticing that while the dual quiver we have been discussing
in this section is obtain by applying K times the identity TA = TC , we can nd many dual
presentations of the necklace quiver by applying the TC = TB duality as shown gure 19.
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A Alternative proof of the 3d mirror symmetry TA $ TC
We want to show that TA and TC are dual, using dualities where the theories remain quivers
at every step.
The two U(1) nodes in the quiver both have 2 avors, so we can use the mirror
symmetry for U(1) with 2 avors reviewed earlier:
U(1)pi;~pi ;W = 0$ U(1)qi;~qi ;W = 1q1~q1 + 2q2~q2 : (A.1)
The mapping of the chiral ring generators is
(p1 ~p1; p2 ~p2; p1 ~p2; p2 ~p1;M
+;M )$ (1;2;M+;M ; q1~q2; q2~q1) : (A.2)
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Now let us ip the two mesons p1 ~p2 and p2 ~p1 of U(1)=2;W = 0 and call the resulting
theory T . Flipping accordingly on the right hand side, and calling the resulting theory T 0,
we obtain a new version of the duality:
T : U(1)pi;~pi ;W = up1 ~p2 +dp2 ~p1 $ T 0 : U(1)qi;~qi ;W = 1q1~q1 +2q2~q2 +uM+ +dM 
(A.3)
The mapping of the chiral ring generators between T and T 0 reads
(p1 ~p1; p2 ~p2; u;d;M
+;M )$ (1;2;u; d; q1~q2; q2~q1) (A.4)
Now we use Aharony duality for U(1) with 2 avors in the form
U(1)q1;q2;~q1;~q2 ;W = uM+ + dM  $ U(1)Q1;Q2; ~Q1; ~Q2 ;W =
X
ij
ijQi ~Qj ; (A.5)
with
(q1~q1; q2~q2; q1~q2; q2~q1;u; d)$ (11;22; 12;21;M+;M ) : (A.6)
Flipping q1~q1 and q2~q2 on the l.h.s. of (A.5) we obtain a duality between T 0 and a third
theory U(1)=2 with only the two o-diagonal mesons ipped, that we call T 00:
T 0 : U(1)qi;~qi ;W=1q1~q1+2q2~q2+uM++dM $T 00 : U(1)Qi; ~Qi ;W=1Q1 ~Q2+2Q2 ~Q1;
(1;2;u; d; q1~q2; q2~q1)$(Q1 ~Q1; Q2 ~Q2;M+;M ;1; 2) (A.7)
T and T 00 are the same theory, but following the mapping of the chiral rings we obtain
a non trivial duality that exchanges the two chiral singlets u;d with the two monopole
operators M+;M :
T : U(1)pi;~pi ;W = up1 ~p2 + dp2 ~p1 $ T 00 : U(1)Qi; ~Qi ;W = 1Q1 ~Q2 + 2Q2 ~Q1 (A.8)
(p1 ~p1; p2 ~p2; u;d;M
+;M )$ (Q1 ~Q1; Q2 ~Q2;M+;M ;1; 2) (A.9)
The symmetry we need to gauge, in order to go from T to TA, acts on the elds of T
(p1; ~p1; p2; ~p2;u;d) with charges (+1; 1; 0; 0; 1;+1), so it acts on the chiral ring gen-
erators (p1 ~p1; p2 ~p2; u;d;M
+;M ) with charges (0; 0; +1; 1; 0; 0). The dual symmetry
must have the same charges on the corresponding chiral ring generators: all the mesons in
T 00 have to be neutral, while the monopoles have to be charged. On T 00 the symmetry is
the topological symmetry, so gauging the symmetry means to ungauge the gauge symmetry
of T 00, and we get precisely TC .
We end up with a duality between TA = S  T and TC = S  T 00.
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